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REEB DYNAMICS OF THE LINK OF THE SINGULARITY 


LEONARDO ABBRESCIA, IRIT HUQ-KURUVILLA, JO NELSON, AND NAWAZ SULTANI 


Abstract. The link of the A„ singularity, C admits a natural contact structure 
coming from the set of complex tangencies. The canonical contact form ao associated to 
is degenerate and thus has no isolated Reeb orbits. We show that there is a nondegenerate 
contact form for a contact structure equivalent to that has two isolated simple periodic 
Reeb orbits. We compute the Conley-Zehnder index of these simple orbits and their iterates. 
Erom these calculations we compute the positive S'^-equivariant symplectic homology groups 
for {La„,^o)- In addition, we prove that {La„,^o) is contactomorphic to the Lens space 
L{n+ l,n), equipped with its canonical contact structure ^std- 
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1. Introduction and Main results 

The classical topological theory of isolated critical points of complex polynomials relates 
the topology of the link of the singularity to the algebraic properties of the singularity [15]. 
More generally, the link of an irreducible affine variety A" C with an isolated singularity 
at 0 is defined by La = An For sufficiently small S, the link La is a manifold of real 

dimension 2n — 1, which is an invariant of the germ of A at 0. The links of Brieskorn varieties 
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can sometimes be homeomorphic but not always diffeomorphic to spheres [3], a preliminary 
result which further motivated the study of such objects. Recent developments in symplectic 
and contact geometry have shown that the algebraic properties of a singularity are strongly 
connected to the contact topology of the link and symplectic topology of (the resolution of) 
the variety. A wide range of results demonstrating the power of investigating the symplectic 
and contact perspective of singularities include [10], [11], [13], [19], [22], [23]. 

In this paper we study the contact topology of the link of the A„ singularity, provid¬ 
ing a computation of positive S'^-equivariant symplectic homology. This is done via our 
construction of an explicit nondegenerate contact form and the computation of the Conley- 
Zehnder indices of the associated simple Reeb orbits and their iterates. Our computations 
show that positive S'^-equivariant symplectic homology is a free Q[m] module of rank equal 
to the number of conjugacy classes of the hnite subgroup An of SL(2;C). This provides a 
concrete example of the relationship between the cohomological McKay correspondence and 
symplectic homology, which is work in progress by McLean and Ritter [14]. As a result, the 
topological nature of the singularity is reflected by qualitative aspects of the Reeb dynamics 
associated to the link of the An singularity. 

The link of the An singularity is dehned by 

i^» = /d(0)ns=cc=, = *„”+' +2*,zj, (1.1) 

It admits a natural contact structure coming from the set of complex tangencies, 

^0 := TLa^ n JoiTLAn)- 


The contact structure can be expressed as the kernel of the canonically dehned contact form. 






The contact form oq is degenerate and hence not appropriate for computing Floer theoretic 
invariants as the periodic orbits of the Reeb vector held dehned by 


do(-R«o) ~ — 0, 

are not isolated. 

Our hrst result is to construct a nondegenerate contact form such that (Lyi^,kerao) 
and (L/i^,kerag) are contactomorphic. Dehne the Hamiltonian on by 


H : ^ R 

(zo,zi,Z2) + e(|2;ip - |^2p), 

where e is chosen so that II > 0 on S^. As will be shown, 

1 


Of = 


H 


{zodzo - zodzo) + 7 {zidzi - zidzi + Z2dz2 - Z2dz2) 
o 4 


( 1 . 2 ) 


is a nondegenerate contact form. We also hnd the simple Reeb orbits of and compute 
the associated Conley-Zehnder index with respect to the canonical trivialization of of 
their iterates. 
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Theorem 1.1. The 1-forma^ is a nondegenerate contact form for such that (L^^,kerao) 
and are contactomorphic. The Reeh orbits of Ra^ are defined by 

7+(t) = (0,e2‘(i+^)*,0) 0<t<^ 

7_(t) = (0, 0, 0 < t < 

The Conley-Zehnder index for 7 = 7^ m 0 < t is 


/^cz(7±) = 2 


( 

2N 

+ 

N{lTe) 


2N 

1 

_{n + 1)(1 ± e)_ 

lie _ 


_lie_ 


+ 2N + 1. 


(1.3) 


Remark 1.2. If e is chosen such that 0 < e -C ^ then (1.3) can be further simplihed: 



(1.4) 


The proof of Theorem 1.1 is obtained by adapting methods of Ustilovsky [23] to obtain 
both tte and to compute the Conley-Zehnder indices. The Conley-Zehnder index is a Maslov 
index for arcs of symplectic matrices and dehned in Section 2.4. These paths of matrices are 
obtained by linearizing the flow of the Reeb vector held along the Reeb orbit and restricting 
to ^ 0 - To better understand the spread of the Reeb orbits and their iterates in various indices, 
we have the following example. 


Example 1.3. Let n = 2 and 0 < e <C A. 


Rczh-) 

= 1, 

hcz(7+) 

= 1 

Rczh-) 

= 3, 

hcz(7+) 

= 3 

ficzi'!-) 

= 5, 

hcz(7+) 

= 3 

Rczht) 

= 5, 

hcz(7+) 

= 5 

Rczil-) 

= r. 

hcz(7+) 

= 7 

Rczil-) 

= 9, 

hcz(7+) 

= 7 

Rczil-) 

= 9, 

Rcz{l+) 

= 9 


It is interesting to note that spread of integers is not uniform between picziC-) and /icz(7+)> 
and where these jumps in index occur. However, we see that there are n = 2 Reeb orbits 
with Conley Zehnder index 1 and n -|- 1 = 3 orbits with Conley Zehnder index 2fc -|- 1 for 
each k > 1. 


Remark 1.4. Extrapolating this to all values of n and N demonstrates that the numerology 
of the Conley-Zehnder index realizes the number of free homotopy classes of Recall 

that [T^LaJ = tto{T,La„) = 7ri(Lyi„)/{conjugacy classes} and Hi{La^,Tj) = Zn+i. The infor¬ 
mation that the n -\- 1-th iterate of 7 ± is the hrst contractible Reeb orbit is also encoded in 
the above formulas. Qualitative aspects of the Reeb dynamics reflect this topological infor¬ 
mation in the following computation of a Floer-theoretic invariant of the contact structure 

eo- 
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Theorem 1.1 allows us to easily compute positive S'^-equivariant symplectic homology 
. Symplectic homology is a Floer type invariant of symplectic manifolds, with contact 
type boundary, see also [21], Under additional assumptions, one can prove that the positive 
S'^-equivariant symplectic homology is in fact an invariant of the contact structure; 

see [5, Theorems 1.2 and 1.3] and [1, Section 4.1.2]. Because of the behavior of the Conley- 
Zehnder index in Theorem 1.1, we can directly compute {La^,^o) and conclude that 

it is a contact invariant. As a result, the underlying topology of the manifold determines 
qualitative aspects of any Reeb vector held associated to a contact form dehning ,^o- 

Theorem 1.5. The positive -equivariant symplectic homology of {La^,^o) is 

{ Q*" * = 1 

* > 3, odd 
0 * else 

Proof. To obtain a contact invariant from we need to show in dimension three that 

all contractible Reeb orbits 7 satisfy piczip) > 3; see [5, Theorems 1.2 and 1.3] and [1, 
Section 4.1.2]. The hrst iterate of 7 ± which is contractible is the (n + l)-th iterate, and by 
Theorem 1.1, will always satisfy p^cz{,l±) > 3. 

If a is a nondegenerate contact form such that the Conley-Zehnder indices of all periodic 
Reeb orbits are lacunary, meaning they contain no two consecutive numbers, then we can 
appeal to [5, Theorem 1.1]. This result of Gutt allows us to conclude that over Q-coefficients 
the differential for SH^ vanishes. In light of Theorem 1.1 we obtain the above result. □ 

Remark 1.4 yields the following corollary of Theorem 1.5, indicating a Floer theoretic 
interpretation of the McKay correspondence [9] via the Reeb dynamics of the link of the An 
singularity. The An singularity is the singularity of fX^{0), where fA„ is described as (1.1). 
This is equivalent to its characterization as the absolutely isolated double point quotient 
singularity of C^/A„, where An is the cyclic subgroup of SL(2;C); see Section 4.1. The 

o / \ / 27ri 27rin \ 

cyclic group An acts on C by {u,v) 1 —)■ ( e^+in, e "+i n 1. 

Corollary 1.6. The positive S^-equivariant symplectic homology is a free 

Q[m] module of rank equal to the number of conjugacy classes of the finite subgroup An of 

SL(2;C). 

Remark 1.7. Ongoing work of Nelson [18] and Hutchings and Nelson [ 8 ] is needed in order 
to work under the assumption that a related Floer-theoretic invariant, cylindrical contact 
homology, is a well-defined contact invariant of {La„,^o). Once this is complete, the index 
calculations provided in Theorem 1.1 show that positive S'^-equivariant symplectic homology 
and cylindrical contact homology agree up to a degree shift. 

In [1] Bourgeois and Oancea prove that there are restricted classes of contact manifolds for 
which once can prove that cylindrical contact homology (with a degree shift) is isomorphic 
to the positive part of S'^-equivariant symplectic homology, when both are defined over Q- 
coefficients. Their isomorphism relies on having transversality for a generic choice of J, which 
is presently the case for unit cotangent bundles DT*L such that dim L > 5 or when L is 
Riemannian manifold which admits no contractible closed geodesics [2]. Our computations 
conhrm that their results should hold for many more closed contact manifolds. 
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Our final result is an explicit proof that {La„,^o) and the lens space {L{n + 1, n),^stci) are 
contactomorphic. The lens space 

L{n + l,n) = Sy{{u,v) ~ (e 2 WO+i)^^ gawo+hy)) 

admits a contact structure, which is induced by the one on and can be expressed as the 
kernel of the following contact form, 


^std = -{udu — udu + vdv — vdv). 


Theorem 1.8. The link of the An singularity = keroo) o,nd the lens space {L{n + 

l,n),^std = ker Astrf) are contactomorphic. 

Theorems 1.5 and 1.8 allow us to reprove the following result of van Koert and Kwon [11]. 
Since (Tyi^,^o) and (L(n +1, n), are contactomorphic and SH^ ’+ is a contact invariant, 
Sfff.+(L(n+ l,n),?,M) = Sfff 


Theorem 1.9 (Appendix A [11]). The positive -equivariant symplectic homology of{L{n+ 

{ Q” * = 1 

* > 3, odd 
0 * else 


Their proof relies on the following nondegenerate contact form on {L{n + l,n),^ 5 trf). If 
01,02 are any rationally independent positive real numbers then 


'^ai,a2 = \ '^O.j{ZjdZj - ZjdZj) 


1=1 


is a nondegenerate contact form for {L{n + 1, The simple Reeb orbits on L(n+ 1, n) 

are given by 


7i = (e**/“bO) 


72 = (0,e*'/“2) 


0 < t < 
0 < t < 


2oi7r 

n + l’ 
2o2vr 
n + T 


which descend from the simple isolated Reeb orbits on Again, the n + 1 different free 
homotopy classes associated to this lens space are realized by covers of the isolated Reeb 
orbits 7 j for i = 1 or 2. The Conley-Zehnder index for 7 ]^ is 


hcz(7f) = 2 


( 

N 

+ 

Nai 

1 

n + 1 

_{n + l)a 2 _ 


+ I 5 


with a similar formula holding for 7r. 


(1.5) 


Outline The necessary background is given in Section 2. The construction of a nondegen¬ 
erate contact form and the proof of Theorem 1.1 is given in Section 3. The proof of Theorem 
1.8 is given in Section 4. 
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2. Background 

In these sections we recall all the necessary symplectic and contact background which is 
needed to prove Theorems 1.1 and 1.8. 

2.1. Contact Structures. 

First we recall some notions from contact geometry. 

Definition 2.1. Let M be a manifold of dimension 2n + 1. A contact structure is a 
maximally non-integrable hyperplane held ^ = ker a C TM. 

Remark 2.2. The kernel of a 1-form a on ^ = kero, is a contact structure whenever 

a A [da)^ 7 ^ 0, 

which is equivalent to the condition that da be nondegenerate on 

Note that the contact structure is unaffected when we multiply the contact form a by any 
positive or negative function on M. We say that two contact structures ^0 = her oq and 
= ker oi on a manifold M are contactomorphic whenever there is a diffeomorphism 
^jj ■. M ^ M such that 'ip sends ^0 to 

= 6 

If a diffeomorphism : M —>■ M is in fact a contactomorphism then there exists a non-zero 
function : M —)■ M such that 'ijj*ai = gaQ. Finding an explicit contactomorphism often 
proves to be a rather difficult and messy task, but an application of Moser’s argument yields 
Gray’s stability theorem, which essentially states that there are no non-trivial deformations 
of contact structures on a hxed closed manifold. 

First we give the statement of Moser’s Theorem, which says that one cannot vary a 
symplectic structure by perturbing it within its cohomology class. Recall that a symplectic 
structure on a smooth manifold is a nondegenerate closed 2 -form u G VL^{W). 

Theorem 2.3 (Moser’s theorem). [12, Thm 3.17] Let W be a closed manifold and suppose 
that ujt is a smooth family of cohomologous symplectic forms on W. Then there is a family 
of diffeomorphisms J/j of W such that 

To = id, ipput = ujo- 
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The aforementioned contact analogue of Moser’s theorem is Gray’s stability theorem, 
stated formally below. 

Theorem 2.4 (Gray’s stability theorem). [4, Thm 2.2.2] Let t G [0,1], he a smooth 
family of eontact structures on a closed manifold V. Then there is an isotopy {'ift)te[op] ofV 
such that 

6 for each t G [0,1] 

Next we give the most basic example of a contact structure. 

Example 2.5. Consider with coordinates ...,Xn,yn, z) and the 1-form 

n 

a = dz + Xjdyj. 

j=i 

Then a is a eontact form for The contact structure f = her a is ealled the standard 

contact structure on 

As in symplectic geometry, a variant of Darboux’s theorem holds. This states that locally 
all contact structures are diffeomorphic to the standard contact structure on 
A contact form gives rise to a unique Hamiltonian-like vector helds as follows. 

Definition 2.6. For any contact manifold (M, ^ = ker a) the Reeb vector field is 
dehned to be the unique vector held determined by a: 

i{Ra)da = 0, a{Ra) = 1. 

We dehne the Reeb how of Rq, by (pt : M —)■ M, = Ra{(pt). 

The hrst condition says that R^ points along the unique null direction of the form da and 
the second condition normalizes Ra- Because 

-|- iR^da 

the how of Ra preserves the form a and hence the contact structure f. Note that if one 
chooses a diherent contact form fa, the corresponding vector held Rfa is very diherent from 
Ra, and its how may have quite diherent properties. 

A Reeb orbit 7 of period T associated to Ra is dehned to be a path 7 : R/TZ -A M 
given by an integral curve of Ra- That is, 

^ = R„o 7 (t), 7(0)=7(T). 

Two Reeb orbits 

7i, 7o : R/TZ —)■ M 

are considered equivalent if they diher by reparametrization, i.e. precomposition with a 
translation of R/TZ. 

The Wfold cover 'y^ is dehned to be the composition of 7 ± with R/A^TZ —)■ R/TZ. A 
simple Reeb orbit is one such that 7 : R/TZ —)■ M is injective. 

Remark 2.7. Since Reeb vector helds are autonomous, the terminology “simple Reeb orbit 
7 ” refers to the entire equivalence class of orbits, and likewise for its iterates. 
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A Reeb orbit 7 is said to be nondegenerate whenever the linearized return map 

d{^T)'r(o) ■ ^'r(o) C7(t)=7(o) 

has no eigenvalue equal to 1. A nondegenerate contact form is one whose Reeb orbits are 
all nondegenerate and hence isolated. Note that since the Reeb flow preserves the contact 
structure, the linearized return map is symplectic. 

Next we briefly review the canonical contact form on and its Reeb dynamics. 


Example 2.8 (Canonical Reeb dynamics on the 3-sphere). If we deflne the following function 

fixi, yu X 2 , 1 / 2 ) = xl + yl + xl + yl, 

then Recall that the canonical contact form on C is given to be 

Ao := —df o J = {xidyi - yidxi X2dy2 - y2dx2) |s 3 . ( 2 . 1 ) 

The Reeb vector held is given by 

„ f d d d d \ 

( 2 . 2 ) 

= {.-yi,Xi,-y2,X2). 


Equivalently we may reformulate these using complex coordinates by identifying with 
via 


u = xi+iyi, v = X2 + iy2- 


We obtain 


and 



{udu — udu + vdv — vdv) 


53 ’ 


R\o 


.( d _d d _d\ 

(m, iv) 


(2.3) 


The second expression for follows from (2.2) since iu = {—yi,Xi) and iv = {—y 2 ,X 2 )- 
To see that the orbits of Raq deflne the flbers of the Hopf flbration recall that a flber 
through a point 

(m, v) = (xi + iyi,X2 + m) e G 


can be parameterized as 


ip{t) = (e**M, e**^), t G M. 


(2.4) 


We compute the time derivative of the flber 


0(0) = {iu, iv) = {ixi - yi, ix 2 - 2 / 2 )- 

Expressed as a real vector fleld on which is tangent to S^, this is the Reeb vector fleld 
Rao as it appears in (2.3), so the Reeb flow does indeed deflne the Hopf flbration. 
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2.2. Hypersurfaces of contact type. 

Another notion that we need from symplectic and contact geometry is that of a hypersurface 
of contact type in a symplectic manifold. The following notion of a Liouville vector held 
allows us to dehne hypersurfaces of contact type. Liouville vector helds will be used to 
understand the Reeb dynamics of the nondegenerate contact form ai as well as to construct 
the contactomorphism between {La^,^o) and (L(n + l,n),^std)- 

Definition 2.9. A Liouville vector field R on a symplectic manifold iW^u) is a vector 
held satisfying 

Cyoj = u 

The how tpt of such a vector held is conformal symplectic, i.e. = e^uj. The how of these 

helds are volume expanding, so such helds may only exist locally on compact manifolds. 

Whenever there exists a Liouville vector held Y dehned in a neighborhood of a compact 
hypersurface Q of (iT,a;), which is transverse to Q, we can dehne a contact 1-form on Q by 

a := iyUJ- 

Proposition 2.10 ([12, Prop 3.58]). Let (IT,ca) he a symplectic manifold and Q G W a 
compact hypersurface. Then the following are equivalent: 

(i) There exists a contact form a on Q such that da = uj\q. 

(ii) There exists a Liouville vector field Y : U ^ TW defined in a neighborhood U of Q, 
which is transverse to Q. 

If these conditions are satisfied then Q is said to be of contact type. 

We will need the following application of Gray’s stability theorem to hypersurfaces of 
contact type to prove Theorem 1.8 in Section 4. 

Lemma 2.11. [4, Lemma 2.1.5] Let Y be a Liouville vector field on a symplectic manifold 
iW^u). Suppose that Mi and M 2 are hypersurfaces of contact type in W. Assume that there 
is a smooth function 

h:W (2.5) 

such that the time-1 map of the flow of hY is a diffeomorphism from Mi to M 2 . Then this 
diffeomorphism is in fact a contactomorphism from (Mi, her lycnlTMi) to (M 2 , her tya;|yM 2 )- 

2.3. Symplectization. 

The symplectization of a contact manifold is an important notion in dehning Floer theoretic 
theories like symplectic and contact homology. It will also used in our calculation of the 
Conley-Zehnder index. Let (M, ^ = ker a) to be a contact manifold. The symplectization 
of (M,^ = kero) is given by the manifold M x M and symplectic form 

u = e^{da — a Adt) = d{e^a). 

Here t is the coordinate on M, and it should be noted that a is interpreted as a 1-form on 
R X M, as we identify a with its pullback under the projection M x M —)■ M. 

Any contact structure f may be equipped with a complex structure J such that (.^, J) is a 
complex vector bundle. This set is nonempty and contractible. There is a unique canonical 
extension of the almost complex structure J on to an M-invariant almost complex structure 
J on T(M X M), whose existence is due to the splitting, 

d 

T{R X M) = R— © RR^ © 


( 2 . 6 ) 
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Definition 2.12 (Canonical extension of J to J on T(M x M)). Let [a, n] be a tangent 
vector where a, 6 G M and v E We can extend J : ^ ^ to J : T(M x M) —>■ T(M x M) 

by 

J[a, b] f] = [—b, a, Jv]. 

Thus J|^ = J and J acts on in the same manner as multiplication by i acts on 

C, namely = Ra- 

2.4. The Conley-Zehnder index. 

The Conley-Zehnder index ficz, is a Maslov index for arcs of symplectic matrices which 
assigns an integer ^cz{^) to every path of symplectic matrices $ : [0,T] -E- Sp(n), with 
<h(0) = 1. In order to ensure that the Conley-Zehnder index assigns the same integer to 
homotopic arcs, one must also stipulate that 1 is not an eigenvalue of the endpoint of this 
path of matrices, i.e. det(l — ‘h(T)) 7 ^ 0. We define the following set of continuous paths of 
symplectic matrices that start at the identity and end on a symplectic matrix that does not 
have 1 as an eigenvalue. 

E*(n) = {4) : [0,T] —)■ Sp(2n) | d* is continuous, $(0) = 1, and det(l — <h(T)) 7 ^ 0}. 

The Conley-Zehnder index is a functor satisfying the following properties, and is uniquely 
determined by the homotopy, loop, and signature properties. 

Theorem 2.13. [20, Theorem 2.3, Remark 5.4], [ 6 , Theorem 2, Proposition 8 & 9] 

There exists a unique functor ^cz called the Conley-Zehnder index that assigns the same 
integer to all homotopic paths T in 

h'CZ '■ S*(n) —)• Z. 

such that the following hold. 

(1) Homotopy.- The Conley-Zehnder index is constant on the connected components of 
T*{n). 

(2) Natnralization.- For any paths $, 4/ : [0, 1] —)■ Sp{2n), = jxczi'^)- 

(3) Zero.- //4/(t) G S*(n) has no eigenvalues on the unit circle fort > 0, then fvczi'^) = 0. 

(4) Product.- If n = n' + n" , identify Spifln') © Spifln") with a subgroup of Spifln) in the 

obvious way. For T' G T" G then ficzi'^' © 'h'O = Fczi'^') + P-cz(4/")- 

(5) Loop.- // $ is a loop at 1, then /rcz(‘hT) = /rcz('h) + 2/i(<h) where /i is the Maslov 
Index. 

( 6 ) Signature.- If S G Mifln) is a symmetric matrix with H^H < 27r and T(t) = exp(Jo5't), 
then /icz(^) = |sgn(S'). 

The linearized Reeb flow of 7 yields a path of symplectic matrices 

d{Tt)'r{o) ■ ^ 7 ( 0 ) ^7(0=7(o) 

for t G [0, T], where T is the period of 7 . 

Thus we can compute the Conley-Zehnder index of dipt, t G [0,T]. This index is typically 
dependent on the choice of trivialization t of ^ along 7 which was used in linearizing the 
Reeb flow. However, if ci(^; Z) = 0 we can use the existence of an (almost) complex volume 
form on the symplectization to obtain a global means of linearizing the flow of the Reeb 
vector field. The choice of a complex volume form is parametrized by H^{M. x M; Z), so an 
absolute integral grading is only determined up to the choice of volume form. See also [18, 
§ 1 . 1 . 1 ]. 
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We define 

f^czil) '■= f^cz {{d(pt} |te[o,T]) 

In the case at hand we will be able to work in the ambient space of (C^, Jq), and use a 
canonical trivialization of C^. 


2.5. The canonical contact structure on Brieskorn manifolds. 

The An link is an example of a Brieskorn manifold, which are dehned generally by 


E(a) 



6 C”+‘ 


m 


j=o 


0, Oj G Z>o and \zj 
j=0 



The link of the An singularity after a linear change of variables is S(n+ 1, 2, 2) for n > 3; see 
(3.1). Brieskorn gave a necessary and sufficient condition on a for S(a) to be a topological 
sphere, and means to show when these yield exotic differentiable structures on the topological 
(2n — l)-sphere in [3]. A standard calculus argument [4, Lemma 7.1.1] shows that Ll(a) is 
always a smooth manifold. 

In the mid 1970’s, Brieskorn manifolds were found to admit a canonical contact structure, 
given by their set of complex tangencies. 


eo = TSn Jo(TE), 


where Jq is the standard complex structure on . The contact structure can be 
expressed as = her ao for the canonical 1-form 


(To := (-dpo Jo)|s = 


i 

4 



Zjdzj) 


s 


where p = (||2:|P — l)/4. A proof of this fact may be found in [4, Thm 7.1.2]. The Reeb 
dynamics associated to (Tq are difficult to understand. There is a more convenient contact 
form ai constructed by Ustilovsky [23, Lemma 4.1.2] via the following family. 


Proposition 2.14 ([4, Proposition 7.1.4]). The 1-form 

m ^ 

i-t + ± 

j=0 a.j 

is a contact form on Ll(a) for each t G [0,1]. 


Via Gray’s stability theorem we obtain the following corollary. 


Corollary 2.15. For all t G (0,1], (S(a), ker (Tq) is contactomorphic to (S(a),kerat). 

Next we compute the Reeb dynamics associated to (Ti = | 

Remark 2.16. While ai is degenerate, one can still easily check that the Reeb vector held 
associated to oi is given by. 



Indeed, one computes 


df{Rai) = /(z) and dpi^R^f) = 0. 
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This shows that is tangent to S(a). The defining eqnations for the Reeb vector field are 
satisfied since 

(Rai) = 1 and = —dp, 

with the latter form being zero on the TpS((a)). The flow of Ra^ is given by 

All the orbits of the Reeb flow are closed, and the flow defines an effective S'^-action on S(a). 
In the next section we pertnrb ai to a nondegenerate contact form. 

3. Proof of Theorem 1.1 
3.1. Constructing a nondegenerate contact form. 

In this section we adapt a method nsed by Ustilovsky in [23, Section 4] to obtain a nondegen¬ 
erate contact form Og on whose kernel is contactomorphic to Ustilovsky’s methods 
yielded a nondegenerate contact form on Brieskorn manifolds of the form S(p, 2,...., 2), which 
were diffeomorphic to 

We define the following change of coordinates to go from E(n -|- 1,2,2) with defining 
function / = + zf + Z2 to La„ with defining fnnction + 2wiW2- 


/ \ 

T(r(;o,tCi,tC2) = Wq ,^{wi + W 2 ) +iw2) 


(3.1) 


We obtain 


Then the pnll-back of 


'^*f{zQ, Zi,Z2) = + 2 wiW2. 


Cli I 

T “ 8 


^aj{zjdz^ - Zjdzj) 


j=0 


is given by 


(3.2) 


—^ —^—{wodwo — wodwo) + -{widwi — widwi + W2dw2 — W2dw2). 
2 8 4 

We now constrnct the Hamiltonian fnnction 

H{w) = + e(|tcip — \w 2 \‘^) 

We choose 0 < e < 1 snch that H{w) is positive on S^, and define the contact form 


Of = 


2H 


(3.3) 


Remark 3.1. The above shows that (S(n-|- 1, 2, 2), ker cii) is contactomorphic to (4/(S(n-|- 
1, 2, 2)), ker cie). Moreover = 4/(S(n-|- 1,2,2)), where was defined in (1.1). 
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Proposition 3.2. The Reeb vector field for is 


Ai d 
-Wo- 


R = 

n + l'^^dwo n + l'^^dwQ 


Ai _ d , , / d _ d 

wot:^ + 2z(l + e) wi- - wi 


dwi 


dwi 


\ ( d _ d 
+ 2i(l - e) W 2 - - W 2 - 


' dwo 


‘ dw 


2i 


Ai 


n + 1 


Wo, 2i{l + e)wi, 2i{l - e)w2 


(3.4) 


Remark 3.3. The second formulation of the Reeb vector held is equivalent to the hrst in 
the above Proposition via the standard identihcation of with C^, as explained in Example 
2.8, equation (2.3). 

Before proving Proposition 3.2 we need the following lemma. 

Lemma 3.4. On the vector field 


V(») = R E 


d _ d 

Wi- -h w 


^ dwj 

j=0 ^ 


’dwj 


(3.5) 


is a Liouville vector field for the symplectic form 

d{A/*ai) fin + 1) 


Ui = 


dwQ A dwQ + - dwj A dwj. 


i=i 


The Hamiltonian vector field Xh of H with respect to ooi is —Ra^, as in (3.4) 

Proof. Recall that the condition to be a Liouville vector held is CxWi = ui. We show this 
with Cartan’s formula: 

CxWi = Lxdui + dfixWi) 

= dfixWi). 

We do the explicit calculation for the hrst term and the rest easily follows: 


d 


fin + l) , f I f d _ d 

--- duo A dcTo - Wow-h Wq-^ 

A V 2 V owo own 


= d 


i{n + l) 


i{n + 1) 
8 

fin + 1) 


wodwo — wodwo 


{dwo A dwo — dwo A dwo) 


dwo A dwo, 


so X{w) is indeed a Liouville vector held for oji. 

Next we prove that ojfi—Ra^, •) = dH{-). First we calculate dH, 


dH = j ''S^Wjdwj + Wjdwj I + e{widwi + widwi — W2dw2 — W2dw2). 
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Then we compare the coefficients of dH to the coefficients of uJi{—Ra^, ■) associated to each 
term, {dwi A dWi). The {dwo A dwo) term is 


i{n + 1) 


dwo A dvjQ 


Ai d Ai _ d 
-Wot: -^-- 7 ^ 0 - 


n + 1 "ainn n + 1 ^ dwo' 


i(n +1) / Ai , 

- —wodwo - —wodwo 

n+1 n+1 

= Wodwo + WodwQ. 


The {dwi A dwi) term is 


d 


d 


-dwi A dwi ( —2i(l + e)wi— -h 2i(l + e)tci7-^ = - {—2i(l + e)widwi — 2i(l + e)widwi) 

2 \ owi owi J 2 

= (1 + e)widwi + (1 + e)widwi. 

The {dw 2 A dw 2 ) term is obtained similarly. Summing the terms yields •) = dH{-). 

□ 


Proof of Proposition 3.2. First we show that Xh = —Ra^ is tangent to the link \h(S(n + 
1,2,2)). We compute 

('l>*d/)(i?aj = = ((n + l)wQdwo + 2 widw 2 + 2 w 2 dwi) {Raj 
= AiwQ~^^ + Ai{l — e)wiW2 + Ai{l + e)wiW2 

= ^^{^*f) 

= 0 

the last equality because T*/ is constant along \h(S(n + 1, 2, 2)). Now we have to show that 
T*Q!i 

-^(Xh) = -H. We have 

^ (■) = ixcoj-) = ujX{w), •) = -a;(-, X{w)) 

^{Xh) = -u{Xh,X{w)) = -dH{X{w)) 

=-\w\^ - e{\wf^ - \w 2 \J 

= -H. 

From these, we conclude 

a,(X„) = -A// = -1 

da,(XH, ■) = -JpiAH A ■) + +ci**ai(Aa, ■) 

= -XdH(X„)V'a,(.) + f^^<i-a,(X„)dH(.) + 

= -^w,(A«, - fdH(.) + AdH(-) 

= 0 

By Lemma 3.4, we know —X^ = Ra^ so the result follows. □ 
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3.2. Isolated Reeb Orbits. 

In this quick section, we prove the following proposition. 

Proposition 3.5. The only simple periodic Reeb orbits of Ra^ are nondegenerate and defined 

by 


7+(i) = (0,e”<‘+-l',0), 


0 < « < 


TT 


0 < t < 


1 + e 

TT 

iTi‘ 


Proof. The flow of 


is given by 


Rn. = 


Ai 


n + 1 


Wo, 2i(l + e)wi, 2i(l - e)w 2 


g)t{wo,wi,W2) = ( e^+i^o, ^^*'W2 


Since e is small and irrational, the only possible periodic trajectories are 

7 o(t) = (e^*, 0 , 0 ) 

7+(^) = (0,e2*(^+^)^0) 

7_(t) = (0,0,e2'(i-^)*). 

It is important to note that the hrst trajectory does not he in A/{'E{n + 1,2,2)), but 
rather on total space C^. This is because the point 7o(0) = (1,0,0) is not a zero of /a„ = 

Wq~^^ + 2WiW2. 

Next we need to check that the linearized return maps d(j)\^ associated to 7 + and 7 _ have 
no eigenvalues equal to 1. We consider the hrst orbit 7 + of period 7 r/(l + e), as a similar 
argument applies to the return how associated to 7 _. The diherential of its total return map 

is: 




0 

0 ^ 


d(fT = 

0 

1 

0 



V 0 

0 

g2i(l-e)T ^ 



T= 


l + e 


Since e is a small irrational number, the total return map only has one eigenvalue which is 
1. The eigenvector associated to the eigenvalue which is 1 is in the direction of the Reeb 
orbit 7 ^, but since we are restricting the return map to we can conclude that 7 + is 
nondegenerate. □ 

3.3. Computation of the Conley-Zehnder index. 

To compute the Conley-Zehnder indices of the Reeb orbits in Theorem 1.1 we use the 
same method as in [23], extending the Reeb how to give rise to a symplectomorphism of 
C^\ {0}. This permits us to do the computations in C^, equipped with the symplectic form 

i(^n 1 ) , ,_ i , , _ 

-=- dwo A dwo -|- - dWj A dWj. 

1=1 


Uli = 


2 


4 










16 


ABBRESCIA, HUQ-KURUVILLA, NELSON, AND SULTANI 


We may equip the contact structure with the symplectic form oj = dai instead of da^ when 
computing the Conley-Zehnder indices. This is because kera^ = kerai = as 
with H > 0 and because = Hda^l^ and H is constant along Reeb trajectories. 

Our hrst proposition shows that we can construct a standard symplectic basis for the 
symplectic complement 

= {n G I uj{v,w) = 0 for all w G 

of ^ in C^. As a result, = 0. Since Ci(C^) = 0, we know Ci(^) = 0. Thus we 

may compute the Conley-Zehnder indices in the ambient space and use additivity of the 
Conley-Zehnder index under direct sums of symplectic paths to compute it in 

Proposition 3.6. There exists a standard symplectic basis for the symplectic complement 
with respect to u = dai. 

Proof. Notice that = span(Xi, Yi, X 2 , 1 ^ 2 ) where 

X, = {w^,wi,W 2 ) Xi = *Xi 
X 2 = R, ¥2 = w. 


We make this a into a symplectic standard basis for via a Gram-Schmidt process. The 
new basis is given by: 


Xi = 




V^(Ai,X2) 


W = 






= iXi 


Xo = X 2 


X 2 = X 2 


u:{X^,Y2)Y^-u{Y^,Y2)X, 

0JiX,,Y,) 


rn _ 1 

= Y2-^w^+^w{X,,Y,)X,. 

This is a standard basis for the symplectic vector space i.e. the form u in this basis is 
given by 

//o l\ \ 


1 0 , 


0 1 
.1 oyy 


□ 


Now we are ready to prove the Conley-Zehnder index formula in Theorem 1.1. 


Proposition 3.7. The Conley-Zehnder index for 'y = 7 ^ m 0 < t < ^ is 


Pczil±) - 2 


( 

2N 

+ 

N{lTe) 


2N 

1 

_(n + l)(l±e)_ 

lie _ 


_lie_ 


+ 2X + 1. 


(3.6) 
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Proof. The Reeb flow (p which we introduced in the previous section can be extended to a 
flow on C^, which we also denote by ip. The action of the extended Reeb flow on is given 
by: 

d(pt{w)Xi = e^^^Xi{(pt{w)) d(pt{w)Yi = e^^^Yi{ipt{w)) 

d<pt{w)X2 = X2{p)t{w)) dipt{w)Y2 = Y2{ipt{w)). 

Define 

$ ;= d^t\c3 = diag 

We can now use the additivity of the Conley-Zehnder index under direct sums of symplectic 
paths, Theorem 2.13(4) to get 


Pcz{.l±) — Pczi.^) — 


where 

:= dp>t\^^ = diag l) . (3.7) 

The right hand side of (3.7) is easily computed via the crossing form; see [20, Rem 5.4]. In 
particular we have 



TT 



T G 27rZ 


otherwise. 


Thus for {‘h(t)} = 0 g 2 it(i-i-e) 0 g 2 it(i e) j 0 < f < T we obtain: 


Pczi^) 



4T 

T e 

^ 2T(l0e) 

[n + 1 )tt 

2 


TT 



+ 



2 

2T 

+ 1, T d 

2 

T(1 + £) 


(n 0 1)77 


< 

TT 


Te^z 




f 2T(l-e) 


TT 


+ 


r(i - £) 


TT 


+ 1) 


T e j^z 
T I ^Z. 

^ 1—e 


Likewise for with 0 < t < T we obtain: 

r 4T 






1 

TT 



+ 1) 


T e fZ 


T ^ fZ. 
































18 


ABBRESCIA, HUQ-KURUVILLA, NELSON, AND SULTANI 


Hence we get that the Conley-Zehnder index for 7 ^ in 0 < t ^ is given by: 


hcz(7± ) “ ^ 


2N 


(n + l)(l±e)_ 


+ 

iV(lTe) 


2N 

lie _ 


_lie_ 


+ 2iV + 1. 


(3.8) 

□ 


4. Proof of Theorem 1.8 


This section proves that {La„,^o) and {L{n + l,n),^std) are contactomorphic. This is done 
by constructing by constructing a 1 -parameter family of contact manifolds via a canonically 
dehned Liouville vector held and applying Gray’s stability theorem. 


4.1. Contact geometry of {L{n + 

The lens space L{n + l,n) is obtained via the quotient of by the binary cyclic subgroup 
An C SL{2, C). The subgroup An is given by the action of Z„+i on dehned by 



The following exercise shows that L(n- 1 - l,n) is homeomorphic to La„- This construction 
will be needed later on in another proof, so we explain it here to set up the notation. 

The origin is the only hxed point of the An action on and hence is an isolated quotient 
singularity of ^ jAn- We can represent €?/An as a hypersurface of as follows. Consider 
the monomials 

^0 ;= uv, := ^2 := 

These are invariant under the action of An and satisfy the equation + 2ziZ2 = 0. Recall 
that 

fAni^O, Zi, Z 2 ) = Zq^^ + 2ziZ2, 


and 

LAn = s^n{f^l{0)} 

Moreover, 


(f: 

{u,v) 




^ (mu, 


72 ^ 


(4.1) 


descends to the map 

(f : /An -A- C^, 

which sends (p(C^/T„) homeomorphically onto the hypersurface /^^(O). 

Rescaling away from the origin of yields a homeomorphism between ip{S^/An) and Ta„- 
As 3-manifolds which are homeomorphic are also diffeomorphic [16] we obtain the following 
proposition. 


Proposition 4.1. L{n + l,n) is diffeomorphic to 


Remark 4.2. In order to prove that two manifolds are contactomorphic, one must either 
construct an explicit diffeomorphism or make use of Gray’s stability theorem. Sadly, ip is not 
a diffeomorphism onto its image when m = 0 or n = 0. As the above diffeomorphism is only 
known to exist abstractly, we will need to appeal the latter method to prove that {La„,^o) 
and (T(n -|- l,n),f,std) are contactomorphic. As a result, this proof is rather involved. 
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Our application of Gray’s stability theorem uses the flow of a Liouville vector held to 
construct a 1-parameter family of contactomorphisms. First we prove that L{n + l,n) is a 
contact manifold whose contact structure descends from the quotient of S^. 

Consider the standard symplectic form on given by 


— dA£2 
Ac 2 = ^ {udu 


udu + vdv — vdv). 


(4.2) 


The following proposition shows that Aq restricts to a contact form on 1, n). We dehne 

her A = ^std on L{n -|- 1, n). 


Proposition 4.3. The vector field 


Yn = 


d _d d _d 

u— + u- + V— n- 
ou u ov V 


is a Liouville vector field on /A^, cvc^) away from the origin and transverse to L{n + l,n). 

Proof. We have that P? j is a smooth manifold away from the origin because 0 is the only 
hxed point by the action of An. Write 

/An = {(M,n) e /An I \u\^ + \v\‘^ = 1}. 

Then L(n -|- 1, n) = S'^/An is a regular level set oi g{u,v) = |Mp-|-|np Choose a Riemannian 
metric on Pf /An and note that 

n = iv9. 

Thus To is transverse to L{n + l,n). Since 

= d{iYod\c2) = ujc'2, 

we may conclude that Yq is indeed a Liouville vector held on (C^/y4„, a;c 2 ) away from the 
origin. Thus by Proposition 2.10, L{n + 1, n) is a hypersurface of contact type in Pfi/An. □ 

4.2. The proof that {La„,^o) and {L{n + l,n),^std) are contactomorphic. 


First we set up La^ and ip{L{n + l,n)) as hypersurfaces of contact type in {/X„^(0)} \ {0}. 
Dehne p : —)■ M by 

/ \ kP ~ i- ^0^0 + • • • + Z 2 Z 2 — 1 

=-i-■ 

The standard symplectic structure on is given by. 


Moreover, 


(jJq3 — — (dzg A dZQ “1“ • • ■ dZ2 A dZ2/). 


j=0 ^ J 


(4.3) 


is a Liouville vector held for (C^,a;c3)- We dehne 

Acs = 


A standard calculation analogous to the proof of Proposition 4.3 shows that R is a Liouville 
vector held on ({/A„^(0)} \ {0},a;c3) 
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Remark 4.4. Both <y 9 (L(n+l, n)) and La„ are hypersurfaces of contact type in ({/^,^(0)} \ {0}, uc^). 
Note that ip{L{n + l,n)) is in fact transverse to the Liouville vector held Y because 


(p{L{n + l,n)) 


ip{{\u\^ + \v\^ = l}/A^) 

(p{{\u\^ + 2 |Mp|np + |n|^ = 1}/An) 

{2|ZoP + Y^/A+^)\z^\Y(n+l) ^ 4l/(n+l)|^^|4/(n+l) = 1 j p ^-^(O) 


We will want 93 (L(n + l, n)) and La^ to be disjoint in {/a,]( 0)}. This is easily accomplished 
by rescaling r in the dehnition of the link. 


Definition 4.5. Dehne 


= /a. 


-1 


(0) n 


5 

r 5 


with the assumption that r has been chosen so that (p(L(n + l,n)) and are disjoint in 
{/a^( 0)} Liouville vector held Y “hits” ip[L{n + l,n)) before 

L\ " 


The hrst result is the following lemma, which provides a 1-parameter family of diheomor- 
phic manifolds starting on ip{L{n + 1, n)) and ending on L'^An- Fhst we set up some notation. 
Let 

V’t : ffi X X -)■ X 

be the how of Y and = 7 ^(t) the unique integral curve passing through z G ip{L{n + 

l,n)) at time t = 0. For any integral curve 7 of X we consider the following initial value 
problem: 


(4.4) 


7'(t) = y(7(t)) 

7 ( 0 ) = z e ip{L{n + l,n)) 

By means of the implicit function theorem and the properties of the Liouville vector held Y 
we can prove the following claim. 


Lemma 4.6. For every 7 ^, there exists a t{z) G M>o such that 7 z(r( 2 ;)) G L^a^- choiee 
of t{z) varies smoothly for each z G ip{L{n -|- Iju)). 


Proof. In order to apply the implicit function theorem, we must show 
p o 7 = 0 that 


djp o 7) 

dt 


^ 0 . 


Note that p o 7 is smooth. By the chain rule. 


for all (t, z) with 


d(p o 7) 

dt 


(s.p) 


grad p| 7 (s,p) ■ 7 |(s,p)) 


where 7 |(,,p) = |^|(s,p). 

If grad p| 7 (s,p) • 7 |(s,p) = 0, then either grad p is not transverse along {(p o 7 ) (s,p) = 0} 
or 7 l(s,p) = 0) since grad p 7 ^ 0. By construction grad p = Vp is a Liouville vector held 
transverse to . Furthermore, the conformal symplectic nature of a Liouville vector held 
implies that for any integral curve 7 satisfying the initial value problem given by equation 
(4.4), 7|( s,p) 7 ^ 0. Thus we see that the conditions for the implicit function theorem are 
satished and our claim is proven. 

□ 
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Remark 4.7. The time t{z) can be normalized to 1 for each z, yielding a 1-parameter 
family of diffeomorphic contact manifolds {M^, Q) for 0 < t < 1 given by 

Mt = i/>i((p(L(n-M,n))), Q = TMt n Jc^iTMt) 

where 

Mo = tlJo{ip{L{n + l,n))) = ip{L{n + l,n)), Mi = '0i((y9(L(n -h l,n))) = La^- 

Moreover, we can relate the standard contact structure on L(?t, -|- 1, n) under the image of 
(p. To avoid excessive parentheses, we use S^/An in place of L{n + in this lemma. 

Lemma 4.8. On ip{S^/An), = T{(p{S^/An)) n Jc3{T{(p{S^/An))). 

Proof. Since An C SL{2, C) we have 

f>{Jc2TS^) = Jcs{T^{S^)). 

We examine (p* (^std): 

ip,{T{S^IAn) n Jc 2 T{SyAn)) = n Jc^iTS^)) 

= ^,{TS^)n^,{Jc2{TS^)) 

= ^4TS^) n Jc3f>4TS^) 

= Tf>{S^)nJc3{Tf>{S^)) 

= T{p,{SyAn)) n Jc3{Tp>{SyAn)). 

□ 

Lemmas 4.6 and 4.8 in conjunction with Remark 4.7 and Lemma 2.11 yields the following 
proposition. 

Proposition 4.9. The image of the lens space {g:}{L{n + 1, n)), is contactomorphic 

to (La^Ao)- 

It remains to show that ((p(L(n -|- l,n)),ip^^std) is contactomorphic to (L(n -|- l,n),^std). 
To accomplish this, we use Moser’s Lemma to prove the following lemma. 

Lemma 4.10. The manifolds (C^ \ {0}, dX£ 2 ) and (C^ \ {0}, d(p*Xc3) are contactomorphic. 

Proof. Consider the family of 2-forms 

Ut = (1 — t)ijj£2 t(fi*UJc3 

for 0 < f < 1. Then Ut is exact because Yq and Y are Liouville vector helds for \ 0 
equipped with the symplectic forms U £2 and respectively, thus dXt = ojt for 

At = (1 — t)Xc2 -|- t(p*(Ac3). 

for 0 < f < 1. We claim for each t G [0,1], At is a family of contact forms. 

We compute 

-ip*dXc3 = d{uv) A dijm) + d{u^^^) A d{rY~^^) + d{v'^~^^) A d{v'^~^^) 

% 

= ((n -I- 1 )^|mP"' -f \v\^)du Xdu + 2^{uvdv A du) + ((n -I- -f \u\^)dv A dv. 

Since Ut is exact for each t G [0,1], d{ut) = 0 for each t G [0,1]. Moreover, a simple calculation 
reveals that Ut A cat is a volume form on for each t G [0,1]. Thus we may conclude that. 
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bJt is a symplectic form for each t G [0,1]. Applying Moser’s argument, Theorem 2.3, yields 
the desired result. □ 

This yields the desired corollary. 

Corollary 4.11. The manifolds {L{n + l,n),kerAc 2 ) and {L{n + 1,n),her (p*Ac3) are con- 
tactomorphic. 

Proof. Let (j) : (C^ \ { 0 },(iAc 2 ) and (C^ \ {0}, (i<^*Ac3) be the symplectomorphism, which 
exists by Lemma 4.10. It induces the desired contactomorphism. On \ {0}, 

4>*d{ip*Xc3) = dXc2, 

thus 

d(j)* {if* Xc^) = dXc2. 

So indeed on L(n + 1, n), 

= 0* (her Acs) 

= ker(p*Ac3 

T*^std- 

□ 


Proposition 4.9 and Corollary 4.11 complete the proof of Theorem 1.8. 
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